Symplectic manifolds with no kahler structure  by Cordero, Luis A. et al.
Tophqy Vol. 25, No. 3. pp. 375-380. 1986. 
Pnmai in Great Bntam. 
0040-9383 86 S3.W l .00 
r I986 Pergamcm Press Ltd. 
SYMPLECTIC MANIFOLDS WITH NO KAHLER STRUCTURE 
Lurs A. CORDERO, M. FERNANDEZ and A. GRAY 
(Received 24 April 1985) 
4 1. INTRODUCTION 
In 1976 Thurston [ 1 l] gave an example of a compact symplectic manifold that possesses no 
Kahler structure (see also [l I). This example was also known to Kodaira; it has dimension 4 is 
I-dimensional. The purpose of this note is to describe several families of compact symplectic 
manifolds which generalize the Kodaira-Thurston manifold. The simplest of these families 
consists of the generalized Iwasawa manifolds Z(p) ([3, p. 41). Each of these manifolds is the 
quotient of a complex Lie group by a discrete subgroup, and so is naturally a compact 
complex manifold (of real dimension 4p+2). But we construct a symplectic form on I(p). 
This symplectic form cannot be compatible with the complex structure, because we prove 
THEOREM 1. For p 2 1 the generalized Iwasawa manifold I(p) has no Klihler structure, 
even though it has a symplectic structure and a complex structure. 
Whereas Thurston proved that his space had no Kihler structure by showing that its first 
Betti number was odd, the spaces Z(p) have even first Betti number. Therefore we resort to the 
theory of minimal models to show that Z(p) has no Kahler structure if p is at least 1. A similar 
technique was used by Brotherton [Z] to show the existence of parallelizable 4-dimensional 
manifolds with no complex structure. 
We also define a large family M(p, q) of compact symplectic manifolds of dimension 
2p + 2q + 2 which are natural generalitations of the Kodaira-Thurston manifold (which is 
M (LO)). The symplectic form on each of these manifolds is a little simpler than the symplectic 
form of an Iwasawa manifold. 
In section 2 we study certain higher dimensional generalizations of the 3-dimensional real 
Heisenberg group. The manifolds M(p, q) are quotients by discrete subgroups of products of 
two of these generalized Heisenberg groups. We write down explicitly the symplectic form on 
M (p, q) in section 3, and also exhibit a compatible metric and almost complex structure. In 
section 4 we prove 
THEOREM 2. If p or q is larger than 0, then the real homotopy type of M(p, q) is not a formal 
consequence of the real cohomology ring H*(M (p, q), R). 
Then in view of the Main Theorem of [YJ we conclude that M (p, q) can have no KZhler 
structure when p L 1 or q 2 1. 
In section 5 we describe more general symplectic manifolds with no KPhler structure. 
Some of these are constructed using the complex generalized Heisenberg groups and are 
complex analogs of the M@, q). 
In section 6 we define the generalized Iwasawa manifolds Z(p) and their symplectic forms, 
and prove theorem 1. 
Remarks: (1) The symplectic structures that we deal with in this paper are rarely 
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homogeneous, although they are locally homogeneous. Indeed Zwart and Boothby [12, 
theorem 4.101 have shown that if G/K is a compact homogeneous symplectic manifold, then 
every nilpotent ideal of the Lie algebra of G is abelian. The nilmanifolds that we consider 
usually have nonabelian nilpotent ideals. 
(2) Although we exhibit a very large number of nilmanifolds with symplectic forms, it is 
not true that every even dimensional nilmanifold is symplectic. There are nilmanifolds Mzk 
such that H2(M2k) + 0 but with the property that at = 0 for every a E HZ (M”). Some of the 
2-step nilpotent Lie groups considered by Kaplan [7] yield compact quotients of this type. 
(3) For each p, M(p, 0) can also be described as an (p + l)-torus bundle over a torus of 
dimension p + 1 (see [4]). In [ 11 J Thurston mentions a family of higher dimensional compact 
symplectic manifolds Nzk ” fibering over symplectic manifolds Mzk. These manifolds (which 
are sometimes Klhlerian) rarely coincide with the M(p, q). 
We wish to thank A. Haefliger for some very useful comments. 
$2. GENERALIZED HEISENBERG GROUPS 
Let H(l, p) be the group of matrices of dimension 2p + 1 of the form 
I, A C 
a= 0 0 6 , 
i ) 
0 0 1 
where I, denotes the identity p x p matrix, A and Care p x 1 matrices of real numbers, and b is 
a real number. We call H (1, p) a generalized Heisenberg group (see [6]). To study the 
differential geometry of this space it is convenient to use matrix notation. Thus, for example, a 
global system of coordinates {X, y, 2) on the generalized Heisenberg group is defined by 
X(a) = A, y(a) = b, Z(a) = C. 
Here X and Z are matrices of functions. Let L,: H (1, p) -+ H (1, p) denote left multiplication 
by a E H (1, p). Then it is easy to verify that 
XoL,=X+A, yoL,=y+b, ZoL,=Z+Ay+C. 
Consequently 
L: (dX) = dX, L: (dy) = dy, L: (dZ - Xdy) = dZ - Xdy. (1) 
Next let G (p, q) = H (1, p) x H (1, q). Then a global system of coordinates for G @, q) 
consists of {Xi, y,, Zi, X2, y,, Z,}, where the subscript 1 indicates the first factor and the 
subscript 2 the second. From (1) and the fact that G (p, q) has dimension 2p + 2q + 2 it is clear 
that a basis for the left invariant l-forms on G(p, q) can be written in matrix notation as 
Furthermore we have 
dXi, dyi, dZi - Xidyi (i = 1, 2). 
LEMMA 1. The f-form F on G@, q) defined by 
F = ‘dXi A (dZ, - Xidy,) +‘dX2 A (dZz - X2dy2) + dy, A dy, 
is a closed left invariant 2-form of maximal rank. (Here” A ” denotes the product which is matrix 
multiplication and combined with the exterior product.) 
Proof. It is obvious that F is left invariant; F has maximal rank because it is written in the 
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form prescribed by Darboux’s theorem. Finally 
dF = ‘dX, A dX, A dyt +‘dX, A dX2 A dy, = 0. 
43. THE CO,MPAff SYMPLECTIC lMANlFOLDS M(p, q) 
Let I(p, q) denote the subgroup of matrices of G(p, q) with integer entries and define 
.M (p, q) = r @, q)\, G (p, q) be the space of right cosets. Denote by TC : G (p, q) -* M @, q) the 
projection. 
LEMMA 2. There is a closed 2-form F of maximal rank on M(p, q) such that X*(F) = F. 
Proof. Since they are left invariant, the (matrices) of differential forms dXi, dyi and 
dZ, - Xidyi all descend to M (p, q), for i = 1,2. So let &i, ;ii and pi be the forms to which they 
descend. Put 
F=‘~,A9,+‘~b,A~,+tIj,Afj,. 
Then it is clear that F has all of the required properties. 
A metric on iM (p, q) is 
(,) =‘~)Io~,+‘\k,o’k,-t*~,~~,+‘ik,~8,+~:+i:. 
To describe the almost complex structure on M (p, q) for i = 1, 2 let Ui and Vi be the matrices 
of vector fields dual to the l-forms of the matrices $ and ‘ki and let pi be the vector field dual 
to iji. We define J by 
JUi = 5, JVi = - Ui, JT, = T,, JT, = - T,. 
$4. PROOF OF THEOREM 2 
First of all we note that each G(p, q) is a connected nilpotent Lie group. A theorem of 
Nomizu [9] says that the de Rham cohomology ring H*(M (p, q), R) is isomorphic to the 
cohomology ring H*(g) where g is the Lie algebra of G(p, q). In fact the complex of 
differential forms A*(M(p, q)) can be identified with the forms A*(G(p, q))r(p*q!which are 
invariant under T(p, q). Then Nomizu proves that the inclusion A*(g) = A*(G(p, q))G’P,q’ 
-+ A* (G(p, q))r’p,q’ induces an isomorphism in cohomology. 
Suppose that M (p, q) had a KHhler structure. Then the Main Theorem of [5] would imply 
that the real homotopy type of M (p, q) is a formal consequence of the cohomology ring 
H* (M (p, q), R). But since g is a nilpotent Lie algebra, a minimal model over the reals for the 
exterior algebra A* (I (p, q)\ G (p, q)) of differential forms on F (p, q)\ G (p, q) is the differential 
algebra (A, d,) defined as follows. d is the exterior algebra with 2p + 2q + 2 generators of 
degree 1, written in matrix notation as Q1, ql,Y1, (Df, q2, Yz. (SO ai = dXi, vi = dyi, and 
Yi = dZi - Xidyi.) The differential d, is given by 
d,Qi = d,qi = 0 and d,Yi = -pi A ‘li. 
Theorem 2 is then a consequence of the following: 
LEMMA 3. The differential algebra (A, dA) is not formal. 
Proof. It suffices to check that H*(A) has nonvanishing Massey products (see for example 
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[S, lo] for a description of Massey products.) Let [qi], [QJ, [Yip] be the cohomology C~~SSZS 
in H*(A) determined by qi and the entries Qi* of Qi and Yi, of Yi. Then [vi] A [Qie] 
= [d,YJ = 0, so that the Massey products ([qi], [aiLl, [aill]) are well defined. In fact the 
(CVil* C@ikl* C@ikl) are nonzero because they are represented by the cohomology classes of 
Yy, A Qik, which is nonzero. 
$5. GENERALIZATIONS 
The main difficulty in extending our construction to more general groups of matrices is 
getting a closed 2-form of maximal rank. We mention two such constructions that yield 
compact symplectic manifolds with no Klhler structure. 
(1) Complex versions of the M (p, q). Let Hc(1, p) be the complex generalized Heisenberg 
group (so H,(l, p) consists of matrices having the same form as elements of H (1, p), but 
with complex entries). Put G&I, q) = H&l, p) x H,(l, q). The global system of coordinates 
{Xi, yi, Z,, X,, y,, Z,> is defined as before, but now thecoordinates take on complex values. 
The matrices of forms Qi = dXi, tli = dyi, Yi = dZi -Xidy, as well as their complex 
conjugates are left invariant. Thus a real left invariant closed 2-form F, of maximal rank on 
G,(p, q) is then given by 
2Fc = ‘dXi A (dZ, - X,dy,) +‘dX2 A (dZ, - X,dJ,) + dyi A dj$. 
+‘dxi A (dZ, - Xidy,) + ‘dX, A (dZ, - X2dyl) f dy, A dyl. 
To get a compact quotient we take M,(p, q) = rc(p, q)\G,(P, q), where I,@, q) is the 
subgroup of matrices of Gc(p, q) whose entries are Gaussian integers. 
The minimal model for Mc(p, q) is the complexification of the minimal model for M (p, q). 
The 4p + 4q + 4 generators can be written as the complex matrices Oi, ql, Y,, (&, qz, Y1. 
Since the matrices are complex it is more difficult to find nonzero Massey products. 
Nevertheless it turns out that ([Revi A Imrh], [xi], [ai] ) is different from zero, where ai is 
the real part of any entry of the matrix Oi. Hence we have 
THEOREM 3. Zfp or q is larger than 0, the real homotopy type of M,(p, q) is not a forma1 
consequence of the real cohomology ring H* (M,@, q), R). Consequently M,(p, q) possesses no 
Ktihler structure. 
Not only is M,(p, q) a compact symplectic manifold with no Kahler structure, but also it 
has an integrable almost complex structure J’ defined by the complex coordinates (which is 
completely different from the almost complex structure associated with FJ. Then it is 
possible to associate with J’ a new Klhler form F’ which turns out to be coclosed (but 
obviously not closed). 
(2) Let H (q, p) be the group of matrices of the form 
where A and C are arbitrary p x q matrices and B is a diagonal q x q matrix. Then (using the 
obvious notation) 
F = tr {‘dXi A (dZ1 - XidYi) I+ tr {*dX* A (dZ1 - XzdYz)} + tr {dY, A dY,}, 
is a closed 2-form of maximal rank on H (q, pl) x H (q, p2). Thus we obtain an even larger 
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family of compact symplectic manifolds with no Kahler structure. We shall not go into the 
details. 
(3) It is clear that examples (1) and (2) can be combined to yield further examples. 
$6. GENERALIZED IWASAWA IMANIFOLDS 
We define the generalized Iwasawa manifold I @) to be the quotient Tc(l, p)\H,(l, p). 
The construction of a symplectic form on H,( 1, p) which descends to I (p) is a modification of 
that given for M,(p, q). Let {X, y, Z} be the natural complex coordinates of Hc(1, p) written 
as complex matrices. It will be convenient to denote by Oi, Bi, yi the matrices of real l-forms 
given by Oi = Re (dX), Oz = Im (dX), jI1 = Re(dy), /I2 = Im(dy), ?I = Re (dZ - Xdy), 
y2 = Im (dZ - Xdy). 
LEMMA 4. The 2-form F on Hc(1, p) defined by 
F=‘~,A~,-‘~~AY~+B~A~~ 
is a closed left invariant 2-form of maximal rank, Hence it descends to the generalized Iwasawa 
manifold I (p). 
The proof is similar to that of lemma 1. 
LEMMA 5. For p L 1 the real homotopy type of I(p) is not a formal consequence of the real 
cohomology ring H*(I (p), R). 
Proof: As in the proof of theorem 2 we construct a differential algebra (A, dA) over the 
reals. This time the generators (written in matrix notation) are Oi, 02, /?i, f12, yi, y2. The 
differential d, is given by 
(2) 
TO check that A has nonvanishing Massey products let Ou and yiL be the entries of Oi and yi 
(i = 1,2; k = 1 . . . p). Then from (2) it follows that 
B~A~~A\o~~=~A(-B~AY~~). 
Therefore the Massey product ([pi A /?*I, [O,j], [O,j]) is well defined. In fact it is 
nonzero because it is represented by the nonexact form O,j A PI A yzj 
Now theorem 1 is an immediate consequence of lemma 5. Even more general manifolds of 
Iwasawa type can be constructed. Let H&q, p) be the complexification of H (q, p). Then we 
can form compact quotients I (q, p) that are complex manifolds, symplectic manifolds, but 
have no Kahler structure. 
REFERENCES 
1. E. ABBENA: An example of an almost K%bler manifold which is not Kihlerian. Bolletino U. M. I. (6) 3-A (1984). 
383-392. 
2. N. BROTHERTON: Some parallelizable four manifolds not admitting a complex structure. Bull. London Mach. 
Sot. 10 (1978). 303-304. 
3. S. S. CHERN: Complex Manqolds Without Potential Theory, Second edition, Springer-Verlag, 1979. 
380 Luis A. Cordero. M. Femrindez and A. Gray 
4. L. A. CORDERO, M. FERNANDEZ and 4I. DE LEOS: Examples of compact non-Kahler almost Kahler manifolds. 
Proc. Am. .M~th. Sot. 95 (1985). 280-286. 
5. P. DELIGNE, P. GRIFFITHS, J. MORGAN and D. SULLIVAN: Real homotopy theory of Kahler manifolds. Invenr. 
Math. 29 (1975). 145-274. 
6. Y. HARAGUCHI: Sur une gk-kalisation des structures de contact. Thke. Univ. du Haute Alsace. Mulhouse 
(1981). 
7. A. KAPLAN: On the geometry of groups of Heisenberg typ. Bull. London Math. Sot. 15 (1983). 35-42. 
8. K. KODAIRA: On the structure of compact complex analytic surfaces, I. Am. J. Marh. 86 (1964). 751-798. 
9. K. NOMIZU: On the cohomology of homogeneous spaces of nilpotent Lie groups. Ann. Mach. 59 (1954). 
531-538. 
10. H. SHULMAN: Secondary obstructions to foliations. Topology 13 (19i4). 177-183. 
11. W. P. THURSTON: Some simple examples of symplectic manifolds. Proc. Am. Math. Sot. 55 (1976). 467-468. 
12. P. B. ZWART and W. M. BOOTHBY: On compact homogeneous ymplectic manifolds. Ann. Insf. Fourier, 
Grenoble 30 (1975). 129-157. 
Departamento de Geometria y Topologia 
Facultad de Matematicas 
Universidad de Santiago de Compostela 
Spain 
Department of Mathematics 
University of Maryland 
College Park, Maryland 20742 
USA 
